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We study the propulsion of a one-dimensional (1D) polymer chain under sinusoidal external forces in the
overdamped (low Reynolds number) regime. We show that, when hydrodynamical interactions are included, the
polymer presents directional motion which depends on the phase differences of the external force applied along
the chain. Moreover, the velocity shows a maximum as a function of the frequency. We discuss the relevance of
all these results in light of recent nanotechnology experiments.
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I. INTRODUCTION
Propulsion at the low Reynolds number regime is an
interesting subject of investigation which induces us to review
our intuition related to motion. The absence of inertial effects
in this regime, along with the reduced number of degrees
of freedom in small swimmers, makes the possibility of
movement not obvious at all. At this regime, the hydrody-
namical interactions takes the essential importance being able
to give the nonreciprocity necessary to the net movement of a
structured object. After the seminal work of Purcell [1], and
the one of Shapere and Wilczek [2], an increasing interest has
recently arisen and a good number of papers have appeared
in the last decade to describe self-propelled swimmers with,
at least, two degrees of freedom, the minimal condition to
guarantee the movement at low Reynolds numbers [1]. The
model proposed by Purcell, consisting of three joined rods,
has been studied recently by Tam et al. [3]. Other models
consider the nonreciprocal movement of two spheres joined
together by an extensible bond that are able to change their
volumes [4]. Among the simplest models, one consisting of
three spheres linearly joined together by means of extensible
bonds [5–7] has been also proposed. Those one-dimensional
systems are actually the simplest possible devices with two
degrees of freedom, where the motion is controlled by the
phase difference between the relative motion of the spheres.
An extension of the three (and more) particle model to two
dimensions was studied by the authors of Ref. [5].
All these models deal mainly with the problem of self-
propulsion, that is, the motion is caused by periodic deforma-
tion of their structure (see also Ref. [8] for a comprehensive
review of these models), while in this paper we address a
more general problem: the propulsion of a structured object (a
polymer chain) submitted to nonhomogenous time-dependent
driving forces. Recently, experiments at nanometric scale
have been performed by Dreyfus et al. [9,10]. In such works
magnetic spheres joined by DNA links are driven by external
ﬁelds. The velocity as a function of the frequency for this
system shows a clear maximum. Moreover, a new experiment
using also oscillating magnetic ﬁelds driving a macroscopic
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extended body has been carried out by Garstecki et al. [11],
ﬁnding again a nonmonotonic dependence of the velocity
versus the frequency of the applied ﬁeld. Polymeric models
that may qualitatively explain the experimental results have
been implemented in Refs. [5,12]
The system here studied presents rich and interesting
properties. In fact, under this model, it is possible to obtain
the above nonmonotonic behavior of the net velocity as a
function of the frequency of the driving ﬁeld. Moreover, a
strong dependence of the velocity with the phase difference
of the force is present, showing that this phase represents a
control parameter able to drive the motion in one direction or
in the other, and also to modulate the maximum possible value
of the velocity.
II. MODEL
Model equations. The model consists of N rigid coupled
spheres joined to each other by a spring which can move in
1D along its x axis (see Fig. 1).
The system is supposed to be a few micrometers in
size. By considering this scale and the typical velocities of
microorganisms (or microscale or nanoscale devices), we
obtain a Reynolds number around R ≈ 10−5. For this reason,
we can use overdamped dynamics in our equations as a good
approximation. At this scale we have to take into account
the mutual interaction between particles due to the ﬂuid
motion (i.e., the hydrodynamic interaction). For small particles
moving in a ﬂuid, the Oseen tensor approximation [13] that
relates the forces acting in each sphere with the respective
velocities can be used. It is worth noting that in overdamped
dynamics inertial effects are neglected and the system is not
subject to acceleration. Consequently, in this approximation,
the velocities in each instant depends on the instantaneous
forces (through the Oseen tensor), and not on the past history
of the system.
Let v˜i and ˜Fi be the velocity and force on the particle i,
respectively. In one dimension, the Oseen tensor reduces to a
square matrix with components ˜Hij which relates v˜i to ˜Fi
v˜i =
N−1∑
j=0
˜Hij ˜Fj . (1)
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FIG. 1. (Color online) Scheme of the chain compound by N
monomers. The forces act on every sphere and the last one is shifted
in phase with respect to the ﬁrst one by a phase φ. The ith sphere
presents a phase shift φi = i φN−1 .
The components of the Oseen matrix ˜H are given by
˜Hij =
{ 1
6πηa , i = j,
1
4πη
1
|xi−xj | , i = j,
(2)
where a and xi stands for the radius and position of particle i,
respectively, and η is the ﬂuid viscosity.
In many of the previous works, and in particular in the three
linked-spheres model [6,7], the authors used internal forces to
model the internal deformation of the system. Here we drive
the chain by an external force sinusoidal in time
Ki = ˜Ai sin(ωt + φi), (3)
where the amplitudes ˜Ai are constant and equal for all the
particles ˜Ai = ˜A, with i = 0, . . . ,(N − 1) and φ is the total
phase difference between the ﬁrst and the last particles.
The intermediate phases between the spheres are equally
distributed along the chain, so that φi = i φN−1 , with i =
0, . . . ,(N − 1).
Therefore, our system has three free parameters: the
amplitude ˜A, the frequency ω of the driving forces, and the
total phase difference φ along the chain.
The total force acting on the ith particle, if we exclude the
hydrodynamical contributions, is then
˜Fi = ˜Aisin(ωt +φi)+ kli+ − kli− i ∈ [0, . . . ,N − 1],
(4)
where we deﬁne li+ as xi − xi−1 − l0 and li− as xi+1 −
xi − l0, l0 being the natural length of the link. Both terms
represent, respectively, the elongation of the chain along
the bonds of the sphere i with its neighbor. The parameter
k is the elastic constant of the spring which describes the
harmonic interaction between spheres. The hydrodynamical
approximation under which the above equation maintains its
validity is that at any time the distance between the spheres
d is much higher than their radius a  d. Thus, to fulﬁll this
condition we used l0 = 40a  a.
It is important to note that the external contribution (3) is
in general different from zero [∑i Ki(t) = 0], while the long
time average of the external force is null [〈∑i Ki(t)〉t = 0].
The choice of a linear dependence instead of other more
complex functions appears to be not crucial for obtaining
the net movement given by ourmodel. In fact we calculated the
velocity with other distributions of phases and they gave the
same qualitative dependence, and also the net ﬂux for zero
force as present in other studies in the literature [6]. We choose
this linear distribution of the frequency essentially for two
reasons: (i) because it is simple and (ii) because it is very easy
to generalize it for an arbitrary number of spheres and to more
complex (and realistic) systems of particles.
For calculation purposes, we use an adimensional set of
equations, where the length unit is the radius of one sphere
(a), the time unit is 6πηa/k, and the forces are measured in
units of ka. The equations of motion obtained are then
x˙i(t) = vi =
N−1∑
j=0
Hij (t)Fj (t), (5)
where the new mobility matrix is given by
Hij (t) =
{
1, i = j,
3
2
1
|xi (t)−xj (t)| , i = j.
(6)
The system is not solvable analytically for an arbitrary
number N of particles. We solve numerically the equations
using a Runge-Kutta algorithm of the fourth order, by using
a variable increment dt , adjusted for the different frequencies
of the driving force.
The main measure under study here is the asymptotic
velocity of the polymer center of mass, and more precisely
the mean velocity over a long time TM , which is much bigger
than the period of the applied force T = 2π/ω
v = lim
TM→∞
1
NTM
∫ t0+TM
t0
N−1∑
j=0
vi, (7)
where t0 is here a proper transient time in the dynamics. This
velocity depends on the total phase difference φ and on the
frequency ω of the applied force. Although we have not been
able to demonstrate the unicity of the velocity, the simulations
(see below) indicate that this is the case independently on the
initial conditions.
Model symmetries. The system under study presents inter-
esting symmetries useful to demonstrate some of the features
found in the numerical simulations. We ﬁrst note that it is
simple to see that the equations of motion are periodic in
the total phase difference with period φP = (N − 1)2π . In
fact, every sphere is submitted to a force A sin(ωt + φi), and
so, if we add a phase φP to the total phase difference, (i.e.,
φ → φ + φP ), we obtain
A sin(ωt + φi) → A sin
(
ωt + i φ
N − 1 + 2πi
)
= A sin(ωt + φi + 2πi) = A sin(ωt + φi),
valid for any φi . The ﬁrst property is then
v(φ + φP ) = v(φ). (8)
On the other hand, we can also see that with the transfor-
mation φi → −φi the velocity changes sign. In fact, by using
the time transformation the t → −t ± T/2, we have
A sin(ωt + φi) → A sin(−ωt ± ωT/2 + φi)
= −A sin(ωt − φi ± π ) = A sin(ωt − φi).
This transformation maps the equation of motion for particles
with phase φ to that one with phase −φ and opposite velocity.
In fact, Eq. (5) can be formally written as
dxi
dt
= f [xi,sin(ωt + φi)]. (9)
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FIG. 2. (Color online) Frequency (ω) and phase (φ) dependence of the velocity for a different number of particles N . Note that for reading
purposes, the panels with N = 5 and 10 have the scale of frequencies different from the others.
Using the above transformation in time (t → −t ± T/2),
and the demonstrated sine transformation, the transformed
equation reads
−dxi
dt
= f [xi,sin(ωt − φi)]. (10)
This equation is identical to the original one except for a
global sign and for a change of the sign in all the phases. In
other words, the second property is
−v(φ) = v(−φ). (11)
Note that this property allows us to choose the direction of
the velocity by changing the relative phase between particles
of the external driving forces.
By using the property (11) it is immediate to state that
v(0) = 0. Remembering also the property (8), it is also
immediate that v(φP ) = 0. Moreover, by using the property
(8) with φ = −φP /2, we have
v(φP /2) = v(−φP /2). (12)
But using again the property (11) it is also true that
v(φP /2) = −v(−φP /2). (13)
So it comes out that v(φP /2) = 0.
In synthesis, we can summarize these last outcomes as
v(0) = v(φP /2) = v(φP ) = 0. (14)
III. SIMULATIONS
We have performed extensive simulations with different
numbers of spheres of the polymer. The main measure is
the asymptotic velocity (more precisely, the mean velocity
over many periods of time) for different values of the driving
frequency (ω) and for different values of the total phase
difference between the last and the ﬁrst particles (φ). The
amplitude is ﬁxed toA = 10 along all the simulations. In Fig. 2
it is summarized the behavior of the asymptotic time average
velocity as a function of the two variables, say frequency ω
and phase difference φ, for different values of the chain length,
namely N = 2, 3, 5, and 10. We can observe clear maxima
and minima of the velocity which strongly depend on the
number of particles N . In particular, by increasing N , the ω-φ
region where the velocity is signiﬁcantly different from zero
reduces rapidly with the frequency, while the absolute values
of the velocity maxima increases. These features are better
illustrated in Figs. 3 and 5, where a few cross sections of the
previous plots have been depicted. In Fig. 3 we can see that
for N = 2 [Fig. 3(a)] a minimum and a maximum appear for
the velocities as a function of the phase difference, for ﬁxed
values of the frequency. In this case the periodicity in the
total phase difference is given by φP (N = 2) = 2π . The case
N = 3 seems more complex, but still with one minimum and
onemaximum, with a total phase difference φP (N = 3) = 4π .
In general the period depends on N : φP = (N − 1)2π as it has
been shown above. For clarity, Figs. 3(c) and 3(d) only show
a semiperiod. The three frequencies used in all the plots (see
the legend in each panel) have been chosen before, after, and
around the maxima values visible in Fig. 2.
The vertical lines present in the Fig. 3 indicate the ﬁrst
phase values at which the total external force on the system is
null at any time t . In that case the movement can be associated
with an internal movement only, typically used for swimming,
where the external force is zero. It is there visible that a net
velocity is found for those values for N  3, as also found in
other works on swimming systems. Applying the sum rule for
the sine function, the null external force is recovered for the
phase value φ = 2π (N − 1)/N .
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FIG. 3. (Color online) Phase difference (φ) dependence of the velocity. The vertical lines represent the ﬁrst phase difference at which the
external total force Ftot is 0 at any time. Note that for N = 5 and 10 only a half period in phase is shown.
To better visualize the kinetic behavior of the chain, a set
of trajectories of the center of mass have been drawn in Fig. 4
for the case N = 3. We can observe in the upper panel that
for φ = 2π no displacement is present. The cases φ = 2.0
and φ = 10.28 represent, respectively, a value around the
minimum and the maximum of the velocity, as visible in the
corresponding plot of Fig. 3. The other phase value φ = 4.29
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FIG. 4. (Color online) Upper panel: Trajectories of the center of
mass of the polymer for the caseN = 3 and for different values of the
total phase φ. Lower panel: Trajectory of each of the three particles
for the phase value φ = 2.0. All trajectories are calculated with the
frequency ω = 2.0.
lies close to the null external force. In that case we can see
that the center of mass does not present visible oscillations
(because the oscillating external forces compensate) and the
net motion has a negative velocity, as also shown in Fig. 3
with N = 3 at the velocity given at the vertical line. The
lower panel of Fig. 4 shows the motion of each of the three
spheres for the phase valueφ = 2.0.We can observe the broken
symmetry in the amplitude of the three different oscillations.
The leading particle undergoes the larger oscillations. This is
true for all values of the total phase difference independently
of the velocity direction.
Figure 5 shows the cross section of the velocity as a function
on the frequency, for different values of the phase difference.
The interesting result is that a clear maximum appears for all
the chain lengths. This maximum decreases in the frequency
value as we increase the number of spheres in the chain. In the
extreme case of a very large number of spheres, we can argue
that no movement persists, except at ω = 0 (i.e., for a force
constant in time).
It is interesting to note that the null value of the velocity
corresponds to the maximum force amplitude to the system.
In fact, for example, for φ = 0, the force is the same for all
the spheres, and the total external force on the chain is simply
given by Ftot = NA, where A is the amplitude of the force
on each sphere. The reason why the mean velocity is zero is
that the system is in that case strongly symmetric, and the
average over many time averages gives a zero mean velocity.
Figure 6 shows the behavior of the values of the maxima of
the velocity, where we observe their rapid increasing trend as
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FIG. 5. (Color online) Frequency (ω) dependence of the velocity for different number of particles and for three different phases.
a function of the number N of spheres in the chain. This is
due to the fact that the maximum velocity occurs for a net
force different from zero, and so an increase of the number
of particles results in an increase of the value of the force
acting on the chain. The insets of Fig. 6 show the frequency
ωmax and the total phase difference φmax corresponding to the
maximum velocity as a function of the number of spheres N .
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FIG. 6. (Color online) Modulus of the chain velocity maximum
as a function of the number of spheres N . Insets: Frequency of the
maximum in linear plot (top left) and log-log plot (top right), and
phase of the maximum (bottom).
By increasing N , ωmax moves toward the zero value and a
power-law scaling ωmax ≈ N−1.9 is also observed.
Finally, we should stress that this nonmonotonic behavior
of v with ω does not appear in the study of self-propulsion
system like those of Refs. [6,7] where a simple v ∝ ω is
observed. However, it is recovered in Ref. [5] when some
driving force is applied. This behavior has been observed in
the two experiments [10,11] cited before on devices (at very
different length scales) under external ﬁelds.
IV. DISCUSSION AND CONCLUDING REMARKS
This work presents a model of directional motion based
on the effect of modulated driving forces and hydrodynamical
interaction between particles. The introduction of inversion-
symmetry-breaking ﬁelds to provoke unidirectional motion
has been suggested previously in other contexts, like the mo-
tion ofmolecularmotors [14,15],motion of solitons [16], or ac-
tive Brownianmotion [17–19]. In these cases it is needed either
to have a substrate potential or inertial effects or the presence
of ﬂuctuations. On the contrary, this model deals with a chain
in an overdamped environment without any external potential.
It is interesting to stress that the net velocity is given by
the hydrodynamical contribution, as it is simple to verify. In
fact, if the friction is local (i.e., the Oseen matrix of Eq. (2)
remains with the diagonal terms only) the equation of motion
(5) becomes linear, and the sum of the forces (internal and
external) over all particles averages exactly to zero. In this
sense, it is clear that the hydrodynamical interactions introduce
a nonlocal and nonlinear contribution which generates the
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peculiar net velocity here found. Therefore, this contribution
is an essential term to be considered in these kinds of
problems.
Another interesting point to discuss is the fact that, in our
system, the two-particle chain presents net motion for a large
range of parameters. This could appear in contradiction with
the so-called “scallop theorem” [1,20],which requires a system
with, at least, two degrees of freedom to support the motion.
However, one has to note that our system does not fulﬁll the
other requirement of the “scallop theorem.” In fact, in that
case, deformation of the swimming object should be driven
by internal forces that average to zero at any time. This only
occurs here for certain total phase differences φ, whose values
are marked with a vertical line in Fig. 3. In fact, for N = 2,
the theorem hypothesis (null force) is fulﬁlled for φ = π , and
the velocity is zero at this point as there is only one degree of
freedom. Larger polymers (N > 2) show net velocity at these
special null-force points.
In summary, we analyze a polymer chain which moves in
a low Reynolds number regime under a driving force which
depends on the positions of the particles it is composed of.
The study is mainly devoted to the inﬂuence of the driving
force to the possible presence of the net velocity in the system.
The presence of some symmetries in the equations has been
analyzed as well as the relationship of the chain velocity
with the total phase difference between the last and the ﬁrst
particles of the chain, ﬁnding a maximum, and revealing that
the directionality can be changed by controlling the phase
differences of the driving force across the chain. Themaximum
of the velocity is also present as a function of the frequency
of the applied force, showing again an optimal value for the
transport which depends on the number of particles in the
chain. The model here presented includes a special case of
self-propelled swimming, given speciﬁcally by a total phase
difference such that the total external force acting on the chain
be null. In that case the results are in agreement with other
studies. The velocity behavior predicted by thismodel is also in
agreement with the experimental outcomes of time-dependent
driving forces on extended bodies.
This study is a ﬁrst approach to the effect of both a time-
and a spatial-dependent ﬁeld acting on elastically deformable
objects. The driving proposed here can be performed in devices
at microscopic scale using electromagnetic waves where phase
differences are related to the particle position. This means
that it could be possible to use a suitable light beam to drive
the polymer. Our model is a simple approximation to this
experimental proposal if the particle oscillations are small
in comparison to the distance among them. The possibility
of tuning the value and direction of the velocity with few
parameters makes this system feasible to pilot structures in
viscous environments.
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